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Problem Motivation

Parallel Computing Example

Communication Network

MEM(1) MEM(P)

] ]
CPU(1) CPU(P)
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Problem Motivation

Parallel Computing Example

Communication Network
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Problem Motivation

Dynamic Scheduling Tradeoff: Should we leave CPU(1) idle?

Communication Network

MEM(1) MEM(P)

]
CPU(P)
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Problem Motivation

Dynamic Scheduling Tradeoff: Or serve Blue-Task at CPU(1)?

Communication Network

MEM(1) MEM(P)

] ]
CPU(1) CPU(P)
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Problem Motivation

Dynamic Scheduling Tradeoff: But larger Blue-Task service time

Communication Network

MEM(1) MEM(P)
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Problem Motivation

Cache Affinity [SquillanteLazowska89,93]

Key Points of Fundamental Tradeoff

= Customers can be served on any server of a parallel-server queueing system
= Each customer is served most efficiently on one the servers

= Load imbalance among queues occurs due to stochastic properties of system
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General Overview

= Optimal Scheduling Policy
— Fluid control problem: cpu-type scheduling policy

— Brownian control problem: dynamic threshold-type scheduling policy

— Optimal threshold settings for dynamic scheduling policy depend upon
stochastic properties and traffic intensity of system

= Analysis of Dynamic Threshold Scheduling
— Consider generalized threshold scheduling policy

— Matrix-analytic analysis and fix-point solution, asymptotically exact
— Numerical experiments

— Optimal settings of dynamic scheduling policy thresholds

= Stochastic Derivative-Free Optimization
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Scheduling Policy

B
K = max{T, T}, T = max{T% T2

Analysis of Dynamic Affinity Scheduling and Load Balancing | Mark S. Squillante

(TE, T, T TY), 0 < {T5,TY < {T* T} <
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Scheduling Model

B8 = (T, T:, T TY), 0 < {T},Ti} < {T}, Td} < oo
K = max{T{,TY, T = max{ T T4}
A p(v)

OH(’Y)
A @H(Y) \

© 2005 IBM Corporation
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Background on Matrix-Analytic Methods

o @ @

BD process

Define m, = t”m PIN(t) =n], m = (7o, 71,7,...)
— 00

—\ L 0 0 0
po —(A+p) A 0 0
Q=10 1 —(A + ) A 0
0 0 T —(A+p) A
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Background on Matrix-Analytic Methods

o @ @

BD process

Then solution of 1Q = 0 and we = 1 given by

m = mop

where
0 = A—p(A+up)+o°u, p<1l = p=Xr/p<l1
o0

1 = WoZpizl = g = 1—0p
1=0

Te
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Background on Matrix-Analytic Methods

QBD process A, A, A, A, Ay N
G
A2 A2 A2 A2 A2
Define mwp = (mp1,...,T™m), ™ = (mwo,T1,72,...)

Bo Ag 0 0 0
A, A; Ag 0 0O
0 A, A; Ay O
0 0 A, A; Ag

'S
|
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Background on Matrix-Analytic Methods

QBD process A, A, A, A, A,

A, A, A, A, A,

Then solution of m1Q = 0 and we = 1 given by

w = WoRi
where
0 = Ag+RA;{+R?A,, sp(R)<1
0 = w5(Bg+RA,), wp(I-R)le =1
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Mathematical Analysis

Tf=Tf=K=1, T/ <T'=T, exp(\), exp(n), exp(y)

A A A A (1-pHAr

oo renod) o
T

State Vector (i, ), Vv ):

« i; total number of customers waiting or receiving service at the server of interest
* j: number of customers in the process of being migrated to the server of interest

« v: K-bit binary vector denoting customer type of up to the first K customers at the server
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Mathematical Analysis

TE=T!=K=1, T'<T¢=T, exp()), exp(u), exp(y)

A A A

Define 7o = (70,0,0,70,1,0), ™n = (7,0,0,™.,0,1), >0
(Bgg Bopy 0 0 O '
Q — 0 A2 A]_ Ao 0
0 0 A, A, Ag
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Mathematical Analysis

TE=T!=K=1, T'<T¢=T, exp()), exp(u), exp(y)

A A A

Then solutionof wQ = 0, e = 1 is given by

— k
Wf—I—k‘ — WTR, kZO
0 = Ag+RA;+R?A,, sp(R) <1
Boo Bo1
0 = e, TS
(7709771: aﬂ-T) B1g B1; + RA>
1 = (770,71'1,...,71‘,_?;_1)8 + Wf(I—R)_le
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Mathematical Analysis

TE=T!=K=1, T'<T¢=T, exp()), exp(u), exp(y)

A A A

Probabilistic Interpretation of R.:
A(l - ps)

T — : 7 — O
o0 ot 01
1/2
ri1 = AL = ps) 47 + pr — (AL = ps) + 1 + )2 — 4A(L — ps)r) ™/
2pr
_ Pi1<
10 —

(p+pr)(1 —7r11)

© 2005 IBM Corporation
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Mathematical Analysis

TE=T!=K=1, T'<T¢=T, exp()), exp(u), exp(y)

Let I, J, V be generic r.v.s of the process

ps = P [Find Queue with I + J < T*¥in < L, Random Probes |
= 1—{1-P[I+J<Ti])™
Equating inflow and outflow of SI migrated customers:
MNP [I+T<T] = ApsP[I>T¥]
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Mathematical Analysis

TE=T!=K=1, T'<T¢=T, exp()), exp(u), exp(y)

A A A

M p HFH,
Let I, J, V be generic r.v.s of the process
P [ Find Queue with I > T* in < L, Random Probes ]
1={1l=F[I T

Equating inflow and outflow of Rl migrated customers:
uP[I>TF] = pp,P[I+JI<TLETI>0,v1=0] +
vpr P I4+J<THT>0,v=1]

Dr
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Mathematical Analysis

TE=T!=K=1, T'<T¢=T, exp()), exp(u), exp(y)

A A A

Final Solution Obtained via Fix-Point Iteration

1. Initialize (pg, Ag, P;y 1)
2. Compute stationary probability vector in terms of (pg, A, P, W,)
3. Compute new values of (pg, A, P,, WK,) iNn terms of stationary vector

4. Goto 2 until differences between iteration values are arbitrarily small

© 2005 IBM Corporation
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Mathematical Analysis

TE=T!=K=1, T'<T¢=T, exp()), exp(u), exp(y)

A A A

Stability criterion: sp(R) = rp0 < 1, A = Ap + A1 + As reducible
E[T]= At {Zf;i ke + Tr~(T— R) e+ mA(T — R)—2Re}

Pt = (W1, ..., TV + 3 p_pepr Tk + well— R) '/
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Mathematical Analysis

TE=T!=K=1, T'<T¢=T, exp()), exp(u), exp(y)

A A A

Tail asymptotics:

Ty
Pl[Q>=z] = , n®* +o(n*), as xz — oo,
— d7
TV
PIQ>z] ~ 1T n®, as x — oo,
— 1]

where u and v are the left and right eigenvectors corresponding
to 7» = roo normalized by ue =1 anduv =1
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Mathematical Analysis

General K, Pure Sender-Initiated Policy

Probabilistic Interpretation of R

00

'nm

0
nn

0
nm

/i

no

ALl — sl u

Pln), Ll<un<s2®~=1
Cr®(n) T w(n)*, ()

0, 0<mn<m<2% _—1 (lowertriangular)

n > m > 081 bszk(bn), 1 & k£ K

Y Zk 1 TnkTk1 + MU Zk 1 'nkTkO
)\(1 — ps) T N(l — 700 — Tnn)
lEmg 2% 1
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Mathematical Analysis

General K

Departure Transitions from State (4,4,v), ¢ >0, § < (K — )T

To State Rate
(i—1,5,D1(v), i+j<Tf <K (1 —pr)e(v)
(i—1,+1,D1(v), i+ <TE< K | pre(u)
(1 —1,5,D1(v)), Tf<z—|-j§qu“ e(v)
(7’_17]79)7Q#07 7’>T7}L For
(’L'—].,j,Dl(’U)),’U#O, 7’>T7ZL e(y)
(1—1,7,D1(v)), v=20,i>TH" e(v) +

Dk(g) — ({Uk-I—la"'avKapa';'aQ)

k times
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Mathematical Analysis

General K

Arrival Transitions from State (¢, j,v), 1 > 0, j < (K —i)™T
To State Rate
(G+1,5—-1,A41()), 7>0 | j0
(,j+1v),i+j<Ti<K | A

(i+1,5,v), i<K,it+j<K]| A

(i+1,5,v), K <i<T¢ A

AZ(Q) — (vlaUQa"'an—la1a0703°"7Q)'

A

K—1 times
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Numerical Results
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Numerical Results

5 G=l12 %— -
G=2.0 —+--
G=2.8 -

as b G=36 x- -

Expected Sojourn Time Ratio

Arrival Rate

Relative Performance Benefits of the Migratory Scheduling Policy
with Optimal Thresholds over the No-Migration Policy

© 2005 IBM Corporation
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Numerical Results

16 T T | | A
'l
G=12 <— ‘?‘ !
G=2.0 —+-- A !

14 G=2.8 - BT
G=3.6 - Al
ok

no migration -A—-

Expected Sojourn Time

Arrival Rate

Expected Sojourn Times for the No-Migration Policy and the Mi-
gratory Scheduling Policy with Thresholds 3 = (T4, T¢, T, TY) =
(1,1,2,2)
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Numerical Results

16 T T T T

o
i
G=12 <— i
G=2.0 —+-- >§@T
14 | G=2.8 - N
G=3.6 X [
no migration -A—: in
X%
12 - g I
: f
!
1
+
i

Expected Sojourn Time

Arrival Rate

Expected Sojourn Times for the No-Migration Policy and the Mi-
gratory Scheduling Policy with Thresholds 8 = (T¢, T T, TY) =
(2,2,4,4)
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Numerical Results

8 1
7
— 0.8
6 —
Probability
Expected — 0.6
5 .
Executing
Sojourn
Migrated
Time N 04
Task (O)
3]
— 0.2
2] o
o
1 0
0 1

Arrival Rate

Expected Sojourn Time, and Probability of Executing a Migrated
Task, for the Migratory Scheduling Policy with Thresholds § =
(T!,TL T, TY) = (2,2,4,4)
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Stochastic Derivative-Free Optimization

= |nternal Model

= External Model

= Trust Region

Analysis of Dynamic Affinity Scheduling and Load Balancing | Mark S. Squillante © 2005 I1BM Corporation



IBM Thomas J. Watson Research Center

General Overview

= Optimal Scheduling Policy
— Fluid control problem: cu type scheduling policy

— Brownian control problem: dynamic threshold-type scheduling policy

= Analysis of Dynamic Threshold Scheduling
— Consider generalized threshold scheduling policy

— Matrix-analytic analysis and fix-point solution, asymptotically exact
— Numerical experiments

— Optimal settings of dynamic scheduling policy thresholds

= Stochastic Derivative-Free Optimization
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