Stochastic networks in the presence of heavy tails: details, results, conjectures

Karl Sigman, Department of Industrial Engineering and Operations Research, Columbia University, New York, USA

Queues with heavy-tailed input distributions were first explored in the early 1970’s by W.L. Smith ([8]) and J.W. Cohen ([3]) in the context of the tail of stationary delay, P (D > x), x ≥ 0 for the single-server queue (under various special conditions such as regularly varying service time distributions, Poisson arrivals.). Such results were then generalized to the FIFO GI/GI/1 queue with subexponential^1 service times by A.G. Pakes in 1975 ([5]). The basic finding was that the asymptotic for P (D > x), x → ∞ is different from the light-tailed case in which D has finite moment generating function if service time S does, and (under further regularity conditions) is asymptotically exponential.

Not until more recently has the heavy-tailed paradigm been taken seriously enough to broadly warrant its relevance in stochastic networks.^2

Various extensions are now known to hold for some inputs more general than renewal processes, and for increasingly more complex models. In 1999 an entire volume of the journal Queueing Systems ([6]) was devoted to queues with heavy-tailed distributions. Even more recently, in the last two years alone there has been significant progress by a variety of authors. We present here some of these results and discuss related topics such as stability and control issues.

References

[1] B. von Bar (1975). Asymptotic ruin probabilities when exponential moments do not exist.

Scand. Act. J. 6-10. A theorem on sums of independent, positive random variables and its applications to branching processes. Theory Probab. Appl. 9, 640–648.

[2] V.P. Chistyakov (1964). A theorem on sums of independent, positive random variables and its applications to branching processes. Theory Probab. Appl. 9, 640–648.

[3] J.W. Cohen (1973). Some results on regular variation for distributions in queueing and fluctuation theory. QUESTA, 33, 205–232.

[4] P. Embrechts & N. Veraverbeke (1982). Estimates for the probability of ruin with special emphasis on the possibility of large claims. Insurance: Mathematics and Economics 1, 55–72.

[5] A. Pakes (1975). On the tails of waiting time distributions. J. Appl. Probab. 12, 555–564.

[6] K. Sigman (1999). (Guest Editor). Special Volume on Queues with Heavy-tailed Distributions, QUESTA, 33.

[7] K. Sigman (1999). A primer on heavy-tailed distributions, QUESTA, 33, 261–275.

[8] W.L. Smith (1972). On the tails of queueing time distributions. (Technical Report, MIMEO Series No. 830, Dept. Statistics, U. North Carolina, Chapel Hill.)

1Subexponential distributions are a class of heavy-tailed distributions; they were first introduced in [2] in the context of branching processes.

2Parallel to and intimately connected to this has been the development of insurance risk theory with heavy-tailed claim sizes. In this “dual” setting the quantity of interest is the probability of ruin when starting with initial reserve x, P (τ (x) < ∞), and the regular variation asymptotics were obtained by B. von Bar in 1975 ([1]), and then extended to the general subexponential case by P. Embrechts and N. Veraverbeke in 1982 ([4]).