Simulating rare events in a canonical random walk with heavy tailed increments with applications to queueing and insurance

Perwez Shahabuddin

Department of Industrial Engineering & Operations Research, Columbia University New York, NY 10027, USA.

EXTENDED ABSTRACT

This paper deals with estimating small tail probabilities of the maximum of a random walk, which has a negative drift, and whose increment distribution is heavy-tailed (subexponential) to the right (it may be heavy-tailed or light-tailed to the left). Applications include estimating steady-state waiting time distribution in a GI/GI/1 queue with heavy-tailed service times, estimating the steady state buffer content distributions of fluid queues, and estimating infinite or finite horizon ruin probabilities in insurance risk processes with heavy-tailed claims. It is wellknown that naive simulation is ineffective for estimating small probabilities and special fast simulation techniques like importance sampling, multilevel splitting, etc., have to be used. Though there is a vast amount of literature on the rare event simulation of stochastic ystems/processes where all distributions are light tailed, previous fast simulation techniques for stochastic systems with heavy tailed distributions have been confined to that of estimating the tail distribution of a geometric sum of independent subexponential random variables (this has applications for the M/GI/1 queue and insurance claim processes with Poisson arrivals). One of the reason is that the framework used for conducting the importance sampling in the light-tailed setting, i.e., exponential twisting, is no longer applicable here. We develop an importance sampling based approach where we use a change of measure on the increment distribution, based on a new framework called delayed subexponential twisting.

KEYWORDS: Simulation analysis methodology, variance reduction, importance sampling, rare event simulation, heavy tailed distributions, subexponential distributions, insurance risk, fluid queues, GI/GI/1 queues.

ACKNOWLEDGMENTS: This work has been supported by a US National Science Foundation CAREER Award, an IBM University Parnership Program Award, and the Tinbergen Institute/Vrije University in the Netherlands. Parts of this work have been done jointly with Nam Kyoo Boots, Dept. of Econometrics, Vrije Universiteit, The Netherlands, and Sandeep Juneja, Dept. of Mechanical Engineering, I.I.T., Delhi, India.

REFERENCES FOR THIS WORK: Juneja, S., and P. Shahabuddin, "Simulating heavy-tailed processes using delayed hazard rate twisting", Research Report, Dept. of Industrial Engineering and Operations Research, Columbia University, NY 10027 (1999).

Boots, N.K., and P. Shahabuddin, "Simulating tail probabilities in GI/GI/1 queues and insurance risk processes with subexponential distributions." Research Report, Dept. of Industrial

Engineering and Operations Research, Columbia University, NY 10027 (2000).