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Markov Decision Processes

Markov decision process

Tuple (&, 4, g, p, r, A) where
- & =1{1,...,5} is the (finite) state space;
« of =1{1,...,A} is the (finite) action space;
« g =1(qq,-.---95) € A(S) is the initial state distribution;
e p: & XY — A(S) is the transition kernel with elements p(s’| s, a);

e r: & XY — R are the expected one-step rewards;
« 4 € (0,]) is the discount factor.



Markov Decision Processes

Objective

find policy 7 : & — & that maximizes the
expected total discounted rewards:

maﬁé rl?lze l Z A St, ﬂ[St])]




Cart Pole Example

State space

Y 0 € [—24°.24°]
| 0cR

~

x € [—4.8,4.8]
xeR

Barto et al. (1983), Neuronlike Adaptive Elements that can Solve Difficult Learning Control Problems.
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Cart Pole Example

State space

Y 0 € [—24°24°)

Initial state

x € [—4.8.4.8] x, %, 0,0 ~
xeR 2[—0.05,0.05]

Barto et al. (1983), Neuronlike Adaptive Elements that can Solve Difficult Learning Control Problems.



Cart Pole Example

Transitions

e deterministic via
laws of mechanics

State space

"0 e [-24°,24°]

Initial state

e terminate If
x & |—2.4,2.4]
or@d & |[—12°12°]

/ 4 __]
- -

x € [—4.8,4.8]
xeR

x,x,0,0~

21—0.05,0.05]

Barto et al. (1983), Neuronlike Adaptive Elements that can Solve Difficult Learning Control Problems.



Cart Pole Example

Transitions

e deterministic via
laws of mechanics

State space

0 € [—24°24°]

e terminate If

x & |—2.4,2.4]

or0 & [—12°,12°]

Initial state

e / 4 =)
-

x € [—4.8,4.8]
xeR

X, %,0,0 ~ +1/non-terminated
2[—0.05,0.05] time step

Barto et al. (1983), Neuronlike Adaptive Elements that can Solve Difficult Learning Control Problems.



Cart Pole Example

Time: 0.0s
X:

Barto et al. (1983), Neuronlike Adaptive Elements that can Solve Difficult Learning Control Problems.



STOCHASTICITY AND AMBIGUITY
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Ambiguity and Robust MDPs

Two common sources of ambiguity:
» Modelling errors: 32.67 secs/run =2 45 secs/run

» Estimation errors: 32.67 secs/run E=p 4 68 secs/run

Impact of ambiguity can be alleviated via robust optimization:

Robust MDP

maximize inf
rell pEL

ambiguity set
Robust MDPs admit interpretation as reqgularized MDPs!

Derman et al. (2023), Twice Regularized Markov Decision Processes: The Equivalence between Robustness and Regularization.



Ambiguity: Modelling Errors
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Modelling errors: 32.67 secs/run == 2 .45 secs/run == 15.77 secs/run 5



Ambiguity: Estimation Errors
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Estimation errors: 32.67 secs/run =P 4 .68 secs/run == 15.76 secs/run 5



Ambiguity Sets



Ambiguity Sets

Structural ambiguity set

Wiesemann et al. (2013), Robust Markov Decision Processes.



Ambiguity Sets

Structural ambiguity set Historical sample

P )

A

Wiesemann et al. (2013), Robust Markov Decision Processes.



Ambiguity Sets

Structural ambiguity set Historical sample Out-of-sample guarantee

P(H ) P (K ;)

Wiesemann et al. (2013), Robust Markov Decision Processes.



Ambiguity Sets

POClp: Sxd — AS))

p" € relint "

Wiesemann et al. (2013), Robust Markov Decision Processes.



Ambiguity Sets

Possible transitions

Wiesemann et al. (2013), Robust Markov Decision Processes.



Ambiguity Sets

Possible transitions Equal probabilities

Wiesemann et al. (2013), Robust Markov Decision Processes.



Ambiguity Sets

Historical sample

F = T

historical policy 7V state-action history
(stationary, randomized) Z,=(S,aq,...,8,,0a,) € (S XA)

Wiesemann et al. (2013), Robust Markov Decision Processes.



Ambiguity Sets

Historical sample

Ef - - -

historical policy 7V state-action history
(stationary, randomized) Z,=(S,aq,...,8,,0a,) € (S XA)

Likelihood, given history

n—1
Z,(p) = q(51) ﬂo(an ESE H [ﬂo(at‘st) - P(Sppr |8 at)]
=1

Wiesemann et al. (2013), Robust Markov Decision Processes.



Ambiguity Sets

Historical sample

historical policy 7" state-action history
(stationary, randomized) Z,=(S,aq,...,8,,0a,) € (S XA)

Likelihood, given history

n—1
Z,(p) = q(51) ﬂo(an ESE H [ﬂo(at‘st) - P(Sppr |8 at)]
=1

Wiesemann et al. (2013), Robust Markov Decision Processes.



Ambiguity Sets

0

Assumption: Historical policy " visits every s € & infinite often as n —> oo

Wiesemann et al. (2013), Robust Markov Decision Processes.



Ambiguity Sets

P =N P(H,) with 6 = (1 — B)-quantile

of xz—distribution with k degrees of freedom

0

Assumption: Historical policy " visits every s € & infinite often as n —> oo

Wiesemann et al. (2013), Robust Markov Decision Processes.



Ambiguity Sets

P =N P(H,) with 6 = (1 — B)-quantile

of xz—distribution with k degrees of freedom

0 visits every s € & infinite often as n —>

Assumption: Historical policy &

1

lim Pp’eP,|=1-p

n—~o0

Wiesemann et al. (2013), Robust Markov Decision Processes.



Ambiguity Sets

P =N P(H,) with 6 = (1 — B)-quantile

of xz—distribution with k degrees of freedom

U visits every (s, @) infinite often as n —> o0

Assumption: Historical policy &

1

lim Pp’eP,|=1-p

n—~o0

Wiesemann et al. (2013), Robust Markov Decision Processes.



Ambiguity Sets

P =N P(H,) with 6 = (1 — B)-quantile

of )(2—distribution with k degrees of freedom

U visits every (s, @) infinite often as n —> o0

lim Pp’e P,|=1-p P pim [\/E - dN(P,, {pO})] =0

n—->-~00 n—> 00

Assumption: Historical policy &

1

Wiesemann et al. (2013), Robust Markov Decision Processes.



Ambiguity Sets

P =N P(H,) with 6 = (1 — B)-quantile

of )(2—distribution with k degrees of freedom

U visits every (s, @) infinite often as n —> o0

lim Pp’e P,|=1-p P pim [\/E - dN(P,, {pO})] =0

n—->-~00 n—> 00

‘@IOO

Assumption: Historical policy &

1

Wiesemann et al. (2013), Robust Markov Decision Processes.
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General (non-rectangular) ambiguity sets

%}’] Optimal policy can be randomized & history-dependent

%}] Bellman optimality principle violated; NP-hard

(s,a)-rectangular ambiguity sets

P= || P with P,,CAS)
(s,a)ES XA

10



Rectangularity

General (non-rectangular) ambiguity sets

%}3 Optimal policy can be randomized & history-dependent

%P Bellman optimality principle violated; NP-hard

(s,a)-rectangular ambiguity sets

@; Optimal policy stationary and deterministic

@Q Bellman optimality principle holds

10
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Rectangularity

General (non-rectangular) ambiguity sets

%}’] Optimal policy can be randomized & history-dependent

%}] Bellman optimality principle violated; NP-hard

s-rectangular ambiguity sets

7 =[]2 with 2 claS

sed

(s,a)-rectangular ambiguity sets

%&] Optimal policy stationary and deterministic

@j Bellman optimality principle holds

10



Rectangularity

General (hon-rectangular) ambiguity sets

%}’J Optimal policy can be randomized & history-dependent

%‘}] Bellman optimality principle violated; NP-hard

s-rectangular ambiguity sets

@_E,\Z) Optimal policy stationary but can be randomized

@j Bellman optimality principle holds

(s,a)-rectangular ambiguity sets

%&] Optimal policy stationary and deterministic

@j Bellman optimality principle holds

10



Rectangularity

for some unknown & € [0, 1]

10



s-Rectangular Ambiguity Sets: Bellman Operator

11
Ho et al. (2023), Robust Phi-Divergence MDPs.



s-Rectangular Ambiguity Sets: Bellman Operator

Classical (hon-robust) Bellman equations

y*(s) = max {r(s, a) + A Z p(s'|s, a) - v*(s’)}
acey

s'ed

11
Ho et al. (2023), Robust Phi-Divergence MDPs.



s-Rectangular Ambiguity Sets: Bellman Operator

Robust Bellman equations

y*(s) = max min Einuﬁ- K&a%+ﬂzip@ﬂ&a)wﬁ@0
cof

A() peP
rEA(A) peES, e

11
Ho et al. (2023), Robust Phi-Divergence MDPs.



s-Rectangular Ambiguity Sets: Bellman Operator

Robust Bellman operator

neEA(A) peEPR,

[Bv](s) = max min Z n(a) - |r(s,a)+ A Z p(s'|s,a) - v(s')
edf

s'ed

11
Ho et al. (2023), Robust Phi-Divergence MDPs.



s-Rectangular Ambiguity Sets: Bellman Operator

Robust Bellman operator

[Bv](s) = max min Z n(a) - lr(s, a)+ A Z p(s'|s,a) - v(s’)]
ced

A() peP
reEA(HA) peES, Ve

Distance-constrained s-rectangular ambiguity set
P = H@s with & = {p(- 5, ) : Z dp(-|s,a), p’(-|s,a)| < K}

sed ace

p()( ) ‘S,d)

11

Ho et al. (2023), Robust Phi-Divergence MDPs.



s-Rectangular Ambiguity Sets: Bellman Operator

[Bv](s) = max min Z n(a) - |r(s,a)+ A Z p(s’]s,a) - v(s)
e

A pedr
nEA(HA) peEF, Ve

12
Ho et al. (2023), Robust Phi-Divergence MDPs.



s-Rectangular Ambiguity Sets: Bellman Operator

[Bv](s) = max min Z n(a) - lr(s, a)+ A Z p(s’'|s,a) - v(s’)]

A(A %
jﬂe () pEF; ac s'es

= min max Z n(a) - lr(s, a) + A Z p(s’|s,a) - v(s’)]
aced

ePp A(A
pPES, nEA(HA) Ve

Minimax theorem: exchange order of min and max

Ho et al. (2023), Robust Phi-Divergence MDPs.

12



s-Rectangular Ambiguity Sets: Bellman Operator

[Bv](s) = max min { Z n(a) - lr(s, a)+ A Z p(s’'|s,a) - v(s’)] }

ac sS'ES

j neEA(A) peEDR,
= min max { Z n(a) - lr(s, a) + A Z p(s’|s,a) - v(s’)] }
ed

ey A(SS
j PES; mEA() a s'es

= min max < r(s,a)+ 4 Z p(s’|s,a) - v(S’)}

ey Ko/}
P A4S s'eS

Linearity: we only need to consider ext A(&/) =

12
Ho et al. (2023), Robust Phi-Divergence MDPs.



s-Rectangular Ambiguity Sets: Bellman Operator

B — 1 . , A / , . /
[ V](S)j”gé) ;2;1 Z}ﬂ(a) lr(s a) + Sép(s | s,a) - v(s )]

= min max Z n(a) - lr(s, a) + A Z p(s’|s,a) - v(s’)]
aced

ePp A(A
pPES, nEA(HA) Ve

min max {r(s,a)+/1 Zp(s’\s,a)-v(s’)} < 07

ey Ko/}
PEFs A4S s'eS

—_— e ———

Bisection m
search: \y R

12
Ho et al. (2023), Robust Phi-Divergence MDPs.



s-Rectangular Ambiguity Sets: Bellman Operator

min max {r(s,a)+/1 Zp(s’\s,a)-v(s’)} < 67

ey
p . aced Jes

13
Ho et al. (2023), Robust Phi-Divergence MDPs.



s-Rectangular Ambiguity Sets: Bellman Operator

min_ max {r(s,a)+/1 Zp(s’\s,a)ov(s’)} < 07

paegf\@»

min maX{r(s,a)+/12p(s’|s,a)-v(s’)} : Zd[p(- s, a), pY( - \s,a)] <K

A A
PEIAS)] acs s'eS aced

IN
A

13
Ho et al. (2023), Robust Phi-Divergence MDPs.



s-Rectangular Ambiguity Sets: Bellman Operator

min max {r(s,a)+/1 Zp(s’\s,a)ov(s’)} < 07

ey Ko/}
Py a4S ses

A/_—_/

min max {r(s, a)+ A Zp(s’ls, a) - v(s’)} : Z d [p( s, a), pU(- s, a)] v,

A A
PEIAS)] acs s'eS aced

13
Ho et al. (2023), Robust Phi-Divergence MDPs.



s-Rectangular Ambiguity Sets: Bellman Operator

min max {r(s,a)+/1 Zp(s’\s,a)ov(s’)} < 07

ey Ko/}
Py A4S s'eS

max {r(s, a)+ A Z p(s'|s,a) - v(s’)

A
a< s'eS

min
pE[A(H]?

min
pE[A(H]?

Zd[p( |S9a)9po(° ‘S,Cl)]

acd

' | max {r(s, a)+ A Z p(s'|s,a) - v(s)

acsd S'ES
g () f ()

13
Ho et al. (2023), Robust Phi-Divergence MDPs.



s-Rectangular Ambiguity Sets: Bellman Operator

min max {r(s,a)+/1 Zp(s’\s,a)ov(s’)} < 07

eP
pEss acd s'es
a/_—_/

min
pE[A(H]?

Zd[p(- s, a), pU(- \S,a)] : max{r(s,a)+/12p(s’\s,a)ov(s’) < K

aced s'eES

acef

14
Ho et al. (2023), Robust Phi-Divergence MDPs.



s-Rectangular Ambiguity Sets: Bellman Operator

min max {r(s,a)+/1 Zp(s’\s,a)-v(s’)} < 07

ey Ko/}
Py a4S ses

H/_—_/

min
pE[A(N]?

Zd[p(- s, a), p(- \S,a)] : max{r(s,a)+/12p(s’\s,a)ov(s’) < K

Ro/4
4< s'eES

g p) f ()

= ), min {d[p(- s.a), p°-15.0)] ; r(s,a>+ﬂZp<s'\s,a>-v<s'>se} <

s'ed

Separability: of both objective and constraints in a € &/

14
Ho et al. (2023), Robust Phi-Divergence MDPs.



s-Rectangular Ambiguity Sets: Bellman Operator

min max {r(s,a)+/1 Zp(s’\s,a)ov(s’)} < 07

eRP
peFy acd s'es§
H/—_/

Z min {d [p(- s, a), pP(- \S,a)] r(s,a) + A Zp(s’\s,a) (s < 6’} < K
ooy PaEAS)

s'ed

14
Ho et al. (2023), Robust Phi-Divergence MDPs.



s-Rectangular Ambiguity Sets: Bellman Operator

min max {r(s,a)+/1 Zp(s’\s,a)-v(s’)} < 07

er
peTs aed S'ES
H/—/

Z min {d [p( s, a), pU( - |s,a)] cr(s,a)+ A Zp(s’\s,a) (s < 6’} < K
ooy PaEAS)

s'ed

= Z‘B(po;}tv,é’—r(s\a)) < K

minimize d|p, p’|
P
with P(p®:b.p) = | subjectto ) b, p,<p
S'ES
p € A(S)

Ho et al. (2023), Robust Phi-Divergence MDPs.



s-Rectangular Ambiguity Sets: Bellman Operator

Distance-constrained s-rectangular ambiguity set

9’=H@S with & = {p(- s, ) Zd[p(- s, a), p(- \S,a)] SK‘}

sed acef

15
Ho et al. (2023), Robust Phi-Divergence MDPs.



s-Rectangular Ambiguity Sets: Bellman Operator

Distance-constrained s-rectangular ambiguity set
9’=H9’S with P = {p(° |5, +) Zd[p(- |s,a), p°(- |s,a)l SK}

sed acef

Robust Bellman operator

[Bv](s) = max min Z n(a) - lr(s, a)+ A Z p(s'|s,a) - v(s’)]
e

A(A P
rEA(H) peEP; Ve

15
Ho et al. (2023), Robust Phi-Divergence MDPs.



s-Rectangular Ambiguity Sets: Bellman Operator

Distance-constrained s-rectangular ambiguity set
9’=H9’S with P = {p(° |5, +) Zd[p(- |s,a), p°(- |s,a)l SK}

sed acef

Robust Bellman operator

% = . . : /1 / : . /
[2BVv](s) ﬂgﬁf@ ;Ienggl { gdﬂ(a) lr(s a) + Zp(s | s,a) - v(s )] }

s'ed

minimize d |p, p'|

Projection P
sroblem | BW'bp) = | subjectto Y bpe<p
sed

p € A(S) 15




s-Rectangular Ambiguity Sets: Bellman Operator

Distance-constrained s-rectangular ambiguity set
9’=H9’S with P = {p(° |5, +) Zd[p(- |s,a), p°(- |s,a)l SK}

sed acef

Assume I3 can be computed exactly in time O(A(S)).
Then B can be computed to accuracy € > 0 in time

O(AS - h(S) - log[R/€)).

15
Ho et al. (2023), Robust Phi-Divergence MDPs.



s-Rectangular Ambiguity Sets: Bellman Operator

Distance-constrained s-rectangular ambiguity set
9’=H9’S with P = {p(° |5, +) Zd[p(- |s,a), p°(- |s,a)l SK}

sed acef

Assume I3 can be computed exactly in time O(A(S)).
Then B can be computed to accuracy € > 0 in time

O(AS - h(S) - log[R/€)).

Assume I3 can be computed to any accuracy 6 > 0

in time O(h(d)). Then *B can be computed to accuracy
e > 0in time O(AS - h(ex/[2AR + A€)) - log[R/¢€]).

15
Ho et al. (2023), Robust Phi-Divergence MDPs.



s-Rectangular Ambiguity Sets: Bellman Operator

Divergence d(-,p") Ours
KL-Divergence Z p(s'|s,a) - log ( p(s ,\ S, a) ) O(S? - Alog A)
oy’ pY(s’|'s, a)
Burg EntrOpy Z pO(S,‘ s, CZ) . lOg pO(S" 3, Cl) @(52 A log A)
oy p(s'|s,a)
Variation Distance Z | p(s’|s,a) — pU(s’| s,a)| O(S*log S - A)
s'ed

Z [p(S,‘Sa Cl) _pO(S,‘Sa a)]z

O(S’log S - A
p(s'|s, a) (>7log 5 4)

y>-Distance
s'eS

Ho et al. (2023), Robust Phi-Divergence MDPs.

Previous

O? - S? - A)

(hone)

O(S*log S - A)

@(S4'5 : A)
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s-Rectangular Ambiguity Sets: Bellman Operator

Divergence d(-,p") Ours
KL-Divergence Z p(s'|s,a) - log ( p(s ,\ S, a) ) O(S? - Alog A)
oy’ pY(s’|'s, a)
Burg EntrOpy Z pO(S,‘ s, CZ) . lOg pO(S" 3, Cl) @(Sz A lOg A)
oy p(s'|s,a)
Variation Distance Z | p(s’|s,a) — pU(s’| s,a)| O(S*log S - A)
s'ed

Z [p(S,‘Sa Cl) _pO(S,‘Sa a)]z

O(S*1log S - A
pO(s’| s, a) (57log )

y>-Distance
s'eS

Ho et al. (2023), Robust Phi-Divergence MDPs.

Previous
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(hone)

O(S*log S - A)
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s-Rectangular Ambiguity Sets: Bellman Operator
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Ho et al. (2023), Robust Phi-Divergence MDPs.
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LARGE-SCALE PROBLEMS



Case Study: National Patient Prioritization

Waiting list for hospital treatment

7 million
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House of Commons Research Briefing: NHS Key Statistics, England, March 2023.



Case Study: National Patient Prioritization

MDP model of an individual patient:

D

19
D’Aeth et al. (2021), Optimal National Prioritization Policies for Hospital Care During the SARS-CoV-2 Pandemic.



Case Study: National Patient Prioritization

MDP model of an individual patient:

_Wait_ o
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MDP model of an individual patient:

19




Case Study: National Patient Prioritization

MDP model of an individual patient:
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MDP model of an individual patient:
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Weakly Coupled Markov Decision Process

Markov decision process
Tuple (&, %, q,p, r, T) where
e & = H?zl S, with &, = {1,...,8;} is the (finite) state space;

o I = H?zlgzii with . = {1,..., A.} is the (finite) action space;

20
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Weakly Coupled Markov Decision Process

Weakly coupled Markov decision process

Tuple (&, %, q,p, r, T) where
. & = H?:1 S, with &, = {1,...,8;} is the (finite) state space;

. O = H?zlgzii with . = {1,..., A.} is the (finite) action space;
. g(s) = H?zlqi(si) Is the initial state distribution;

. pls’|s,a) = H?zl p.(s’| s, a) is the transition kernel;

e 1(S,a) = Z?zl r,.(s;, a;) are the expected one-step rewards;

« 1T € N is the (finite) time horizon
and

a € & admissible only if Z?zl c,(s,a) < b,foralll € L

20



Weakly Coupled Markov Decision Process

Objective
find policy 71 = & — & that
maximizes the expected total rewards:

nell

I
maximize [, lz (s, ﬂt[St])]

=1
20




The Fluid Approximation

Fluid Linear Program
I n
maximize .
o, 7> 0 Z Z Z Z 1S @;) * (83, ;)

subjectto  o,(s;)) = q.(s)) Vi,Vs. € §,
Op11,i(87) = Z Z Pi(Si | 8 @) - (s, a;) Vi, Vs; € S, Vi
$;€S; a,€EH ;
Z Z Z CailSi> @) - (s a;) < by vi, Vi
=1 s,€8;a€d,
Z JZ'H-(SZ-, Cll) — GIZ(SZ) VZ, VS = CS)Z, Vt
a. €A ;
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The Fluid Approximation

Fluid Linear Program

Vi, Vs, € &
Op11,i(87) = Z Z Pi(Si | 8 @) - (s, a;) Vi, Vs; € S, Vi
s. €S aeH,
Z Z Z Ctll(Sl’a) ﬂtz(sz’ l) n btl Vi, Vi
=1 s€d8. a,ed,
Z ﬂti(si’ Cll) — GIZ(SZ) VZ, VS = CS)Z’ Vt

a,e

21



The Fluid Approximation

Fluid Linear Program

Vi, Vs, € &,

, Vs e S, Vi

T, (S;, a.): % of MDP from o,.(s;)
that we apply action a; to

o e v
1 Sps ) TS ) =70y /1, Vi
Z Jl'n-(Sl-, Cll) — GIZ(SZ) VZ, VS = CS)Z’ Vt
a,€H
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The Fluid Approximation

Fluid Linear Program

T n . - -
maximize Z Z 2 Z (5 @) - 745 @) objective function:
o,7>0 . maximize rewards

O111,i(8;) = Z Z Pi(si | spap) - m(sia) Vi, Vs; € &, Vi

subject to  o,(s;) = g(s,)

s. €S aeH,
n
Z Z Z Cfli(Si9 ai) ) ﬂti(sl', ai) S btl VZ, Vt
=1 SiECS)i aiEﬂi
> 75 @) = a,(s) i

a,e

21



The Fluid Approximation

Fluid Linear Program

mi ZTZZZ initial states:
maximize (5. ) i initial states:

o, 7> 0 ’
= =1 i=1 €S acd, must follow ¢g

subject to | o,/(s,) = g.(s)) Vi,Vs, € &,

O111,i(8;) = Z Z Pi(si | spap) - m(sia) Vi, Vs; € &, Vi

s. €S aeH,
n
Z Z Z Cfli(Si9 ai) ) ]Tl‘i(si9 ai) S btl VZ, Vt
=1 SiECS)i aiEﬂi
> 75 @) = a,(s) i

a,e

21



The Fluid Approximation

Fluid Linear Program

T n .
. transitions:
RN IPIPIPICRSS -
=1 iml ses,acd must follow p

subjectto  o,(s;)) = q.(s)) Vi,Vs. € §,
Op11,i(8;) = Z Z Pi(si | 8 @) - m(sp ap)| Vi, Vs; € &, Vi
;€S a.€H,
Z Z Z CailSi> @) - (s a;) < by vi, Vi
=1 s,€8;a€d,
Z JZ'H-(SZ-, al) — GIZ(SZ) VZ, VS = CS)Z, Vt

a,e
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The Fluid Approximation

Fluid Linear Program

I' n
O, TT 2 =1 =1 55, acd budgets must be kept

subjectto  o,(s;)) = q.(s)) Vi,Vs. € §,

(s |s;,a) m(s,a) Vi,Vs €&, Vi

i Z Z Ctli(Si? ai) ' ﬂti(sia Cli) < btl VI, Vt

Vi,Vse &, Vt
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The Fluid Approximation

Fluid Linear Program

T n -
maximize Z Z Z Z (8 @) - TS, “flow preservation’:
o,72>0 — L= we cannot “drop” MDPs
=1 i=1 s,€d;a,€,

Vi, Vs, € &,

subject to  o,(s;) = g(s,)

At spa) - ms,a) Vi, Nsie S, Vi

&> @) - mi(si a;) < by vi, Vi

Vi,Vs e &, Vt

21



Randomized Fluid Policies

The fluid LP constitutes a relaxation of the weakly coupled MDFP.

22



Randomized Fluid Policies

The fluid LP constitutes a relaxation of the weakly coupled MDFP.
Randomized policy
7,(S;> ;)

For each MDP /, take action a; in state s; with probabillity T at time t.
Ori\5;

22



Randomized Fluid Policies

The fluid LP constitutes a relaxation of the weakly coupled MDFP.
Randomized policy
(8> @;)

For each MDP /, take action a; in state s; with probabillity T at time t.
Ori\5;

Performance guarantee

For suitably adapted by, the randomized policy is guaranteed to be
feasible in the weakly coupled MDP. Moreover, the relative optimality
gap for large MDPs is:

\/logn T°L
I - + —>

n n%  n-ooo
20



Case Study: National Patient Prioritization

Simulation of Government Policy
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D’Aeth et al. (2021), Optimal National Prioritization Policies for Hospital Care During the SARS-CoV-2 Pandemic.
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Case Study: National Patient Prioritization

Optimized Schedule
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Case Study: National Patient Prioritization

Years of Life Gained by Optimized Schedule

Others] o i i
. injury, poisoning,
external causes
ICD18
ICD14
¥ 720k YLG (+8.7%) CD13 |
0 : ICD11 digestive diseases
¥ 22.1% less emergencies o respiratory
% lectives diseases
* upto 53.5% more e ICD09 circulatory diseases
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ICD05
ICD04
ICD02 neoplasms (cancer)
ICDO1 infectious and parasitic diseases
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Case Study: National Patient Prioritization

Years of Life Gained by Optimized Schedule
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external causes
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