LNTEGER PROGRAMS WiTh BoundeD
SORDETERMINANTS

S. Fliorint LNMR 214



TINTEGER ProeRAMMING
(ITP) mox {1 Cx - Axgb, xe 7"}

mx N i THEORY OF
where Ae 7" be 7" iAo o

QQZH

Q: What parameter (s
drive the complexity k‘

o (TP) ?




DARAMETERS oF INTEREST

O n = & coluowmns (A) [ Lenstra 23]
® m = conskranks (A) (?avao\im\'%n‘ou%ﬂ
® tree - doptn (A) % CERKKLO 9]
@ duol-tree -depth (/\3 (+ others)

1his Tolk
ACA) = wox i\o\ek Al N So. Submi® Alg




mxn <

Der: Ace/

o Totally univwmodwlar (T\D i+ A(A\ <
o« Tolally A- wmodular f  A(A) €A




Why ACA) 2 (5

« oll vextices «* obf P:= %x : A?(é\olj
have coovdinates in Zul Z ov-v ‘E 7
(whenever A(A)4 A )

o oliam (P)=pdy(n,A) [ BSEHN 10\



. Tt AAY=1 then ol vertices ot P
oxe integral T And colving (IP)
s coyvolent Yo solving:

(LPY mox 3 ™ - Axgbt

+ (LP) can be Solved in cbronply palynomid
bime (2 AN =0() T Tardes’ g6



ThM L CGST g Suppose (IP) is
boonded andl Seosible. Then YV x* 0P sol
of (LP), 3 Z opt sol of (TP) sk,

| x* -2l <n A




ConsecTURE (Folklere' ): W/ Ne'Z_,
CQ“Sk&ﬂt) con Sol\e (IP> N [stohcﬂ\jﬁ

polyPowial kime § A(AYE A



QOY\ﬁC)CUTe Crue for A =1 ((TU C&SQ“

ThM LArtmonn, Weismontel, Zeorklusen 3 1:
Q/OYHQC)C\)\’Q holds tor A=2 Y

Rem: Still gpen for all tonstonts AZ3



DecomposiTion oF 1 U mAtwiceg X
Thm [Seywoor’ 801 all TU wmakrices
Con be obrained | storking from

« nebwork ynareicel
¢ Tyansposed nekwork walbricel
« two sporachc TU motyices

by operations thot preserve TUness



NeETwoRk MATRICES

Congroer oo Min cost Llow ?vo\g\em
MmN S\CTK'- Ax:\D, Qéxé\)%

15 N 1 (41 +A 7
/ \O\/ BT
_ A +1
6 A=
1 -1 aa
\éfﬁg/ A -1 44

! vy




Pick basis and piNot

(+1 4
-
A

+1

-1 1
+

4
+1

=
A -1

ad
x4

-1
+1

W

..\_/\
1

-1 -1]

+1
_\../L

1

+A
Mo |
~A +1
A vy
A -1 A
-1 -1
+1 4 )
~1 %
+1 I
-1
+1
L/_/V/'/// S

D rebwork mbx



Tue Sporapic MATRUCES

-

\

1 4 1 1 /\\
1 1 1

A A1

A 1 1
1 1 1

e

J



Tre OPeRATIONS

o A
9 1| %2 A0 |
2-Sum ( Py G, |9 A = = Qe
n, 1 o| ° 0 | A,
\ ‘ ;
&nd alsp 3-sum, pivoking, permoking {;Z&g
(SN N0y {X?\‘s duplicating Sg\(“ )

o\o\ob\f\% {rO\l\J with <1 nonzeco



INTUITION EorR Stywmour’'s Decomp &

nbwk'
(=cogyosphic M)



CircoiTS o MATRICES

@\

Dee:xe Z" s o civeoit of ACZ 1]

() Ax =0
(1) X+ 0 and (S support-min in Kex AN o]

Cl‘\\l‘) Q)C(i (X\y-- ,Xr\\ =1






LEMMA - %u??\mxe A S TU) take weZ'
The\,\ A(ﬁ:’"} — MoxX %\MTX : Cg} C\.Y’Cull’t O-‘

(AT)
288 88 ) 3 \
1 11l
A L — o 1
' 0
w!l — \3~L(o1 w3100 00 342 v 3100 - -- 00/

Sek A =+



A 1S o
| or k., then “ o
o /\:A\\Ji\lh;):z)\"c n o darected ayap
werght ol ¢

+Ww(Q)
e TR
—T///2 £ -wi
U




_ 2
@ LE A is bronsposed network ‘hen e

AN _ “ey . CeNG), S and §
A<\NT3 \MD\X%}NCQB Q; QOY\‘(\Q.C\?C;Y;\O}

\N\(\eYe T\I(\t\ o\Ye \Ne\'q)\(\’cs onN \(Q\’)(\'CQS O-\? G
sk ZTN(\!\ =0
ve\/

2l



(c . B
Some oF TRE MaAGHc

G graph, 4-Ccownected
W C —Z/_V(G> st z wWH) =0

veV(&)

> W) < \f”o\acse\:” S

Ve S

|



ReEM: W) ¢ %-«, 07+/\j] NV eNG)

—————

DEF: v JCE(‘(Y\\'K\O\\ et WE)+0

——

Either Ftevminolg £2 ) ond alwens 0k
or Ftermwoll z8 ; ond ..







Thue BiMoDulAR ALGORITHM

Aggum\'h@ NA(A)< 2, [A\;\]Z/Wl Solve
(IP) min{cx :Axsb, xe Z"}

Skeps: @ solve (LP)— ogek X

@ ’qul’\tCO\’\S‘crowh)cs AX

|

A

L

NV

b

|



[Veselov & Chivkov 093]

®c LZh\Z“
2



@ D\’OP Covxg\:\fa[r\’cg r\oE b’g\\h D»\C X*
® Prck basis Q ond let g-.:Q(x—x*)

+X €
(9

V€ Zh, %\j\- odel

where | s TU mbx



—_—

Ty0 & Ty-2 =0, 220

Every sol (s somod circuovks of (T-T)
{9

— C,\—\~C2—\- '°'+Ch
£

An odd number of ¢i's ave odd
=D £=1 wlog ¥



Finod prob\em (S i cost odol civcurk
™MxN

Given T U mtx /\G{Oﬁ:ﬁ
coelt veckor ¢ € 7

sobsets L | J clrl

Fino  Mmin iCTX - Ax= 0, X; 720 Nie 1,

> Xy = A (wmed 2) }

)€Y



R aste Cases gor MCOC

Grophic cose : min odd cucle

(: \'\’C\:\)\<—3

% ;
=7

—



Co-qYophic case -
(: nbwk )

MmN 0dd Cu \:




TaM TPs witi <2 NonzeRoS PER Row

1&1\ L FXWV,Z{) For every Lixed A€Z>/1
&hQYQ \ S O (S’C‘(‘O‘(\g\g) ?o\%\’\OW\\-Q\ ’k’_‘\‘mg
o\ qoithm tor

(TP) mox { ™ : Axgb,xe Z"}
where A hos A(AY2 A ond

<2 NONZR(OS PeY Yow
(QY PQY Col)



Approach has theee parks:

@ Likkle TP Lheory ke vedvce to
stable set problem on graphs with
oad CUCle pack\'ng aombey O (Jog A)

(@ Heoavy groph (minot) theory to “cm\\:ro\“
sLrocture of soch gvophs

® Intricated Dyl ic ?roogmmm\'\ﬂq\
plaorithm  vsina Struckoye



STROCTURE OF GRAPWS wiTh Swaw ocp




TU + K Rows

Since September 22 T aun working on
Solving (T P) max { ¢'x - Axgb, xe 7"}
wheve A has /L(A\éﬂ ond

\
T }m
A =

\W/ ke XTI xows
| % (k constont)

t




Looether with :

e Manue] RAerile (U ?&0\0\/0\)
e Stefan Kober

o C‘)weﬂaél TOY%E
e Michat Seweryn

e Stefon Welkae (TU Munieh)
e Lenow Yudikgky

VK Since Tuly 23



Toam LAFKTSWY 24+

For every constants A ke Z,, there
s & (skrongly) polynomi] time
olgorithm Yor solving

(IP) mox { ™ : Axgb,xe Z"}
wheve A s ‘zo\tg\\g A= modulor  anol

b%COYY\eS \r\’t:\»\\\Z Cﬂ*e\* O\E\Q)Y\'nq
< K vows ond columns



Qur APpPROACH

@ TP kheory ko
° reloke A(A\ Yo Cyvcurks O-X ﬁ _EB

« bound #augmewations on cAvrcutks

@ Groph theory to

» control Qrophs Wit o rooted. K,
Minor

3) Dyhomic Progroum



Asout ACA)
Recall:

LEMMA = Let T € {0,51] be TU, we 7"

Then A() = mac{s @x Cf??ﬂ%}




Proximity RESULT
(TP,) mox SLC x - Ux=b, R=x<u
Wx < d xez"}
LEMMA (Ginformal ) @ Can effravently
Cow\?\,d(e \Y\*Qose\r Point z sokislying all
TU consbrainks | s4. 3 opt. sdukion




FinaL ProrLEM

QAINS { C'x X{—Xsé\)(\‘,j} \f((,g)e‘E(G)
Wx<d, xeZ"§

k. G dixecked qr&?\r\
CT/.I_:O) \Afl:O)
W< A Y docseks S2V(G)



RooTen K, Minors
D_LF: ve V(G) vs tecmmol i \Nv:t:D

rooted Ky ¢
oy -

Forbrooen
Tor L=qlk,A) TV



G RAPW STRUCTURE
1 decowpositiontiree o} G st

e intersecthion ol

V[\\ kwo adyocent Hogs

E\:\ 'S bounded

jg_ dTﬂ _\ o eoch hode has

d&_\ dovvaded Fchiladren
With texwinols

o docseks of G intersect Lormivole Tn
cach baay in “nice” woyy (poly F wauc )




Open PROBLEMS

® Geveralize tam to al\l TU mokrcices
(grophic cose + 2-50MS )

@ Further @ex\eva\\‘%e o (rb\'neg
motriceS onel thelr tronsposes

® Solve whole canpctore 77






EXTRA SLIDES



TRee-Deptn

Dﬂ?: tree-dentn(G) = min height o} forect

F S.l(,‘. SAUCA QO\Q)Q O-t G Connectg 'POJ\’
of vtee howving omceckor- deccendankt

relo.byonch p



CCooK etral. '26] . o
Proor Lpep: Take amy opt. 1Pcd. 2|

ook ot g'.:i"x* oo Portition YOws A
nto A, A st Ay<o, Kyz0
Consider cone K"‘—‘((X '- Aéxé(% AZX?O}
Then Jv,, e 2"
K = cone i\m ) \/137‘5 cnol

HV\- \\mé A \V/\'

( Cromex's vole )







MATROIDS

/ . . , ( .
axe discrete skructures ‘oxvomatizing Wneav
yndependence

Given | Lield get matvord M=M(A)
A e \Fw\xr\
o elewments ol \\/\ = Colywg O¥ 7&\

o (no\Q?@(\s\e\(\\j seks of M = seks o \(V\QO\‘(\LJ
(Y\o\e?eno\ev\’c colywns of A
e civcutks of M = mintwmally dependent <eks



D_EF‘- Mot roid M (s \fﬁqu\oxr v
A TU sk M=M(A) (over R)

Tuam: (1) M g reouloy

& (1Y M conbe \fe’p\”QieY\’keo\ oVeY
ony f£reld

< i) M con be repretenten over
GF(2) ano GF(»)



(r H
K-sums MATROIDALLY






