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Production planning example

« T1imeline:

Observe demand w

[~ |

Produce z € R If w> x, then buy y € Z,
from competitor in batches of size 1

v

= Minimize total expected costs: = For fixed demand w:
min cx—quw“w—xTﬁ [w—a]"
x>0 e
A \ J
Y —
y = max{[w — x| ,0} S—
k )
| w T —
production costs expected future purchasing costs

Non-convex!



Non-convex objective function? ! I 1
« Minimize total expected costs: g_!_

min cx+qu“w—:ﬂ+]

x>0
K )
Y o _— =1
Q(CU) : o=025
= Numerical example:

W~ N(Uv 02) )
p=3 o
q=1

Observation: () “convexer”

if o Increases

Who cares?! 0 1 2 3 4 5



Mixed-integer recourse models ! I 1
.« Models from Stochastic Programming g_!_

Characteristics:
- random parameters (demand)
- integer decision variables (batches)

— production planning problem is special case

« Research questions: i . |
- Are MIR models approximately convex? o
- Can we use this to solve MIR models? -

= Applications in: I

Logistics Healthcare

Finance

v



Mathematical formulation

» Two-stage mixed-integer recourse models

b

4

y(z,w)
| om Hﬂ!

now

« Optimization problem:
mi)r% {cTa: + Q(x): Ax = b}
TE
S
= E, {v(w, LE)}

later

Expected Value Function (EVF)

2"4-stage value function

;= min {qu : Wy > h(w) — T(w):z:}

yey

t contains integrality restrictions



Computational challenges

« Difficulty of solving MIR:

- Second-stage value function v is MIP ~— NP-hard

- Expected value function () is non-convex o]

6=02
o=01
=001

= Traditional approach:

- combine methods for -

- continuous SP

— cannot solve large problem instances in general

« Alternative approach:

- Construct convex approximation Q) of Q — can be solved efficiently

- Derive error bounds — performance guarantee



Main contributions PhD thesis

1. Fundamentally different approach for solving MIR

2. Convex approximations for MIR

- simple integer recourse models
- totally unimodular integer recourse models

- general two-stage mixed-integer recourse models

3. Error bounds for convex approximations

- depend on total variations of pdfs of random parameters in the model

- more variability — tighter bounds

- total variation bounds on the expectation of periodic functions

4. Numerical assessment of the quality of convex approximations

- fleet allocation and routing problem

- stochastic activity network investment



Simple Integer Recourse models (Van der Vierk, 1995)

x y(r,w)

| . |

« Special case of general model

v(z,w) ;= min {qy : Wy > h(w) — T(w):r} | |

yey
now later

- Consider one-dimensional variant here (z,w € R)
-W=I1,T=1,h(w)

? ? — W
« Production planning is SIR: & 1 d
L

= Mathematical formulation:
v(r,w)=min qy: y>w-—x
Y

y €L,



Simple Integer Recourse models (Van der Vierk, 1995)

x y(r,w)

| . |

« Special case of general model

v(z,w) ;= min {qy : Wy > h(w) — T(w):r} | |

yey
now later

- Consider one-dimensional variant here (z,w € R)
-W=I1,T=1,h(w)

? ? — W
« Production planning is SIR: & 1 d
L

N e—
- 1

= Mathematical formulation: ¢t =3,¢ =2
o(r,w) = min gtyt gy Yt zw-—z | —
yTyT . v —
Yy~ > —(w—ux) s
vty €Zy _
" - . 0




Convexity of SIR models

Q(x) = q+]Ew“w—aﬂ+} —|—q_Ew{Lw—azJ_}

Notation: f is pdf of w

/

Theorem Klein Haneveld et al. (2006):

\q,

@ is convex <&  f(s)=G(s+1)—G(s) (*)

o

for some cdf G with finite mean

)

« If f does not satisfy (x) — convex approximations

1. a-approximations: @,

[ 2. Forward difference approximation: Q ]

Focus on FWD:
- Intuition

- Derivation error bound

o O

I

a(s) = F([s],)
(s):=F(s—1/2)




Forward difference approximation

» Production planning example:

_|_

-v(r,w) = [w— x| (unit costs 1)

ﬂﬂgﬂ 1 g_g_ﬂﬂ
- Q(x) = Eu[u(z,w), =

GWD approximation: Q \ - Total variation |A|f of f:
» Uz, w) = (w+1/2—2x)"

- Q(z) =E, {v(w,w)}

« Good “on average”

= FError bound:

o ;

: 1 B ) g/
\ |Q — Qllc < 1_6|A|f/ |A|f = “Total increase” + “Total decrease”

» Intuition error bound:
- For normally distributed w:

Larger variance 02 — better bound




Derivation error bound

» Production pl&l’lﬂiﬂg example: 1
ﬂ
o=o~ .

+

- Value functions: - v(z,w) = [w — x|
-0(ryw) = (w+1/2 —x)F

» Underlying difference function ¢

Q@) - Q) =By [[w—2]" = (w+1/2—2)"| =By |p(w+1/2 - 2)]

-p(s) =[5 —1/2]" — (s)*
0 \ \
- ¢ is half-periodic ' =
- with period p =1 (\ \ \
- with mean v =0
« Expected difference Expectation of periodic function

Q) - Q) = / " (s (s)ds

t pdf of w + 1/2 — z for fixed x




Intuition total variation error bound

= Expected difference for fixed x

-Q@ww%wzlmw@ﬂww

t pdf of w+ 1/2 — z for fixed x

- Worst-case density with |A|f < B:

s { [ o) (e)ds s 1817 < )

| \ "Wm\“lll %

f . —

ATy




Packed densities (for general periodic functions with period p)

- Definition:  fp(2) == Y flz+pk),  x€l0,p
k=0

- Property:

B

fp‘

’,

- Property: |A[f,([0,p]) < [Alf = £(0)

*

l-‘ |
ann® v “’ 1

'

ol gle :

'

'

| |
AEssEEsEEEEEEEEEmEEEEE|

S —

0 p



WD approximation: Q \
b(z,w) = (w+1/2 —2)*

A ) - Q(z) =E, [v(x,w)}

Q@)= Qla) = | ol ()ds + Good “on average’

« Error bound:

Total variation error bound KF

« Expected difference:

A 1
« Bound on packed density: \ 1Q — Qoo < E|A|f/

N
AN

N - | 1A1£,(00,p]) < |ALf = £(0)

« Total variation error bound:

. 1 [P 1
10=Qll= < 5 [ lels)ldslAlf = 351Als



Main contributions PhD thesis

1. Fundamentally different approach for solving MIR

2. Convex approximations for MIR

[ - simple integer recourse models ]

- totally unimodular integer recourse models

[ - general two-stage mixed-integer recourse models ]

3. Error bounds for convex approximations

- depend on total variations of pdfs of random parameters in the model

- more variability — tighter bounds

[ - total variation bounds on the expectation of periodic functions ]

4. Numerical assessment of the quality of convex approximations

- fleet allocation and routing problem

- stochastic activity network investment



General two-stage MIR

» Goal
- Construct convex approximation Q
- Derive error bound: [|Q — Qs < G(|Alf,...)

= Approach
- Exploit periodicity in mixed-integer value function v
- Construct convex approximation v such that v — v is ‘periodic’

- Use total variation bounds on expectation of periodic functions



Periodicity in mixed-integer linear programming problems

- Alternative formulation of v(s)
v(s) = min {qu : Wy=s,y€Z? x RT’}
Y

= min {quB +qnyn : Byp + Nyy =s, yp € ZF xR} 7"5,

YB YN
yn € ZN x RY™ ”N}
. Substituting yg = B~ 's — B! Nyxy:

v(s) = g B~ 8+r3in AN YN
N
st. B ls—B 'Nyy €ZlP xR}"P

nN n—mnyN
YN € L2, x RY

. with reduced costs qx := q5 — quyB !N >0



Gomory relaxation vpg

« Relax non-negativity constraints on ypg:

vp(s) = qp B s+ rglin T,
N
st. B ls—B 'Nyy €7Z'?B xR™"B

n n—nm
YN € LN x Ry

- Properties of optimal solutions y3(s)

- B-periodicity
- Boundedness

- Optimal for v(s) if B~'s — B~ ' Ny (s) >0



B-periodicity of yx(s)

« Gomory relaxation:
ve(s) = qB s —|—I£lil’l T,
N

st. B l's—B Nyy ez"t xRm™ "

YN c ZTLN X RTL nN

= Definition

- A function ¢ : R™ +— R™ is called B-periodic if and only if
Y(s+ Bl) =1(s) for all s € R™ and [ € Z™.

« B-periodicity of yx(+)
- Let s’ = s+ Bl with [ € Z™ (so that B~'s’ = B~ 1s +1)
- Then, fractional values of B~ ¢ and B~ 1s are the same

- Thus, yx (s + Bl) = yx(s)



Boundedness of y3 (s)

« Gomory relaxation:
vp(s) =qp B s+ min gyyn
st. B ls—B 'Nyy ez"s xR
YN c ZN x RN
= Observations
-qn 20
- If W is integer, then for z = det(B)l with [ € Z™,

BNz = [det(B)—laduB)} N[det(B)z} — adj(B)Nl € 2"

« Consequence
- yn(s) < [det(B)len,

- where e,, is the all-one vector



Relation between v and vg
« Optimality condition
-If B~'s — B Ny%(s) > 0, then 3% (s) is optimal for v(s)

- Equivalent to s — Ny (s) € A with A :={t e R™: B~'t > 0}

« Deriving a sufficient condition
- use boundedness of y3 (s)

- implies [Ny (s)lla < |det(B)| S, [N;llz = d

= Sufficient condition

- If s has at least distance d from the boundary of A,

then y3 (s) is optimal for v(s)



[llustration

= Definition

- Let A(d) denote all points s € A with at least

Euclidean distance d to the boundary of A

« Lemma
- For every s € A(d),

v(s) = qpB s+ qayn(s)

{ J { J
[ [

linear periodic



Periodicity in mixed-integer linear programming
« Mixed-integer value function
v(s) =min{q'y: Wy=s, yeZ}* xR}

= Theorem

- There exist
. dual feasible basis matrices B*
. simplicial cones A*
- distances dj
. BF-periodic functions ¢*

- such that for every s € A*(dy),
v(s) = qpr(B")7ts + 4" (s)

[ J { J
I Y

linear periodic

s e R™




Convex approximation . Definition I,

Pk
-y = pk / dSl...dSm

« Idea of convex approximation
- Dk = |det(Bk

- 0(s) = g (BF) s + 0F(s) Avorage of 0
( . J \ : J ver
linear periodic r

- Replace periodic function /" by a constant I,

= Definition convex approximation v

(0l = e (a5 (B9 s 4 T

- SIR:  o(s) — FWD
- Example:

v(s) = min y; + 2y2 + 2y3

s.t. Y1 t¥Y2—Y3=3S:
Y1 € 2Ly, Y2,y3 € Ry




Asymptotic error bound

« Theorem for w with independently distributed components

- There exists a constant C' > 0 such that for every continuous

random vector w:

1Q = Qlle <C Y |A|f;
i=1

= Interpretation
- Error converges to zero if total variations converge to zero

- Holds for all two-stage mixed-integer recourse models

—_— =1
— o=023
— o=01




Future research

« Convex approximations for
- risk-averse MIR
- distributionally robust MIR

- Multistage MIR

= Improved error bounds

- using dual norm framework
- using moment conditions

- for special cases or particular applications

« Computational improvements

- generalizing a-approximations
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