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1. Bandit optimization
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Bandit optimization
A sequential decision problem (Thompson 1933)

1 2 3 4 5 ... patients

— A set of possible actions at each step
— Unknown sequence of rewards for each action
— Bandit feedback: only rewards of chosen actions are observed

— Goal: maximize the cumulative reward (up to step T), i.e., strike the
optimal exploration-exploitation trade-off
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Objective: to identify the best action with minimum exploration,
i.e., to minimize regret (to maximize the “convergence rate”)

Particularly relevant when the best action evolves — for tracking
problems



Stochastic Bandits

Robbins 1952

- Karms / decisions / actions
- Unknown i.i.d. rewards: X;; ~ Ber(u;), p* = maxpu; = p;»
- Lack of structure: u; € [0,1], Vie {1,...,K} z
- Under online algorithm 7, arm selected at time ¢:
I function of history (17, X7r1,..., I 1, X1x  1-1)
- Regretuptotime T

T T
R™(T) =  max E ; Xii —E ; Xz ¢



Stochastic Bandits

- Asymptotic regret lower bound (no algorithm can beat this
performance)

- Uniformly good algorithm: E[t;,(T)] = o(T<), Va > 0,Vu,Vi # i*

Theorem (Lai-Robbins 1985) For any uniformly good policy 7

.. . R™(T) P — [
lim inf >
T—oo log(T) Z#Z;* KL (g5, p*)
. _ B p l1—p
KL divergence number: KL(p,q) = plog(g) + (1 —p) log(—1 — q)
1

Regret linear in the number of arms, and proportional to 5 — )



The change-of-measure argument
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To identify the minimum number of times sub-optimal arm &
must be played, find the most confusing parameters
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To identify the minimum number of times sub-optimal arm &
must be played, find the most confusing parameters

log(T)

: N P —
times, vielding a regret
KL(ptk, o) ViERTE aT=e

KL(pk, p*)

k played ~

log(T')



Algorithms

- Optimal but complicated policy (Lai-Robbins 1985)

- Simpler and optimal algorithms (Agrawal 1995)

- e-greedy algorithm, €=1/t logarithmic regret

- UCB algorithm (Auer et al. 2002): a simple suboptimal index

policy
nz(t) 210g( )
) t (t)

- KL-UCB (Lai 1987, Garlwer-Cappe 2011): claiming back
optimality. Index-based policy, index of arm i

max {q < 1 ny(OKL((t), q) < log(t) + 3log 1og<t>}



Bandit classification

- Unstructured bandits: average rewards are not related

= (1, 1K) € O H2
K )
@ = H[aubz]
=l > H1

- Structured bandits: the decision maker knows that average
rewards are related p2 ,

K
©
O 7é H[ai7 b’t]
1=1

> M1
- The rewards observed for a given action provide side-information
about the average rewards of other actions

- How can we exploit this side-information optimally?



Bandit classification

0
Lai-Robbins 1985

Lai

Bandits with structure:
Combinatorial bandits
Continuous bandits:
Linear bandits
Convex bandits
Unimodal bandits
Agrawal 1995
Kleinberg-Slivkins 2005
Bubeck et al. 2011 ...

Agrawal-Teneketzis-Anantharam 1989

Kumar 1985

Borkar-Varaiya 1979

Optimal control of Markov Chains

K/T

(Decision set/Time horizon)

(o o]

Infinite Bandits:
Berry et al. 1997
Wang et al. 2008
Bonald-P. 2013
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2. Graphically unimodal bandits



Actions and rewards

G=(V,FE)



Actions and rewards

~~Actions



Actions and rewards

k*

G=(V,F)

= (;)icv e U
: Hj > [ ( )E ¢
(/

Graphical unimodality: from any vertex, there is a path with
increasing rewards to the best vertex.

Related work: Yu-Mannor 2011 (sub-optimal algorithms)
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Average rewards

- Linear structure: at time ¢, action i yields a reward 7;.X; ;
Xi,t ~ Ber(@z)

rn r2 ... rn known

0p 62 ... Oy unknown € |0,1]
H1 M2 ... uN Average rewards
pi =130,

Optimal action: k*, ™ = p~

- Graphical unimodality w.r.t. some known graph G



Graphically unimodal bandits

k*

G=(V,F)

How can the reward structure be optimally exploited?
How does regret scale with the graph size and topology?
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Controlled Markov Chains

Kumar, Lai, Borkar, Varaiya, ...

- Finite state and action

O Y spaces 0 € ©
p(z,y;u,0) - Unknown parameter

T reward: 7(Z,u) © : compact metric space

- Control: finite set of irreducible control laws ¢ : X — U

= 7(@)r(z,9(z))

reX
- Optimal control law: ¢* -
- Regret: R™(T) =Ty (0) —E» r(Xy,g"
t=1



Regret lower bound

- KL number under policy g:

I9(0,\) Z’T(’e p(x,y; g(x )(9)logp

- Bad parameter set:

B(#) = {\ € ©: g* not opt., I9 (6,\) =0}

R™(T
- Lower bound (Graves-Lai’97): lim inf (T)

it = <)

c(0) = inf > cq(pg+ () — p1g(6))

g7g*

4. inf chlgé’)\
g7g*



Application to graphically unimodal
bandits

- State space: set of possible rewards

- Control laws: constant mappings to the set of actions,
eg.g==k
- Transitions (i.i.d. process):

0 ity=r

- Average rewards: g = k

pg(0) = 110k = L



Fundamental performance limit

N (k)

Nk)={leN(k):rbp <r}

Theorem: For any uniformly good algorithm =

Tr O —
lim inf R™(T) > cq(0) cg(0) = Z P O = 16

T—oo log(T) T KL (0, %)

The performance limit does not depend on the size of
the decision space! Structure could really help.



97#9* Example: classical unimodality
s.t. inf 19(0.\) > 1
AeB(0) Z cg1%(0,2)
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Optimal Action Sampling

- Empirical average reward: [ — X
D ge rew fir(n) i) Szzl e Xk (S)
- Leader attime n: L(n) € arg max fi(n)
- Number of times k has been the leader: I;(n Z 11 (s)=k

Index of k: by (n) :max{q € 10, 7rg] : tx(n)KL (Mk( ), 1 )

Tk Tk



Optimal Action Sampling

Algorithm — Optimal Action Sampling (OAS)

For n=1,..., K, select action k(n) =n
For n > K + 1, select action k(n):
L(n) if (I () — 1)/(y + 1) €N,
k(n) =94 arg max bi(n) otherwise.
kEN(L(n))

OAS
T
Theorem: For any u € Ug, lim sup R77(T)
T — o0 lOg(T)

S Cg(e).



Proof

ROAS(T) < ric 3 Eli(T)]
k#k*

T
+ > O — OB Lrge—ke )=t
kEN (k) t=1

First term < O(loglog(T))

Second term < (1 + €)c(0) log(T) + O(loglog(T))



Proof ingredients

1. Decomposition of the set of events

2. Deviation bounds (refined concentration inequalities), e.g.

Lemma. {Z;};cz independent random variables in [0, B].
Frn=0{Zt}t<n), F = (Fn)nez. Let s € N, ng € Z and T > ny.
Sn = > 1, B:(Zs — E[Z4]), where B; € {0,1} is previsible.
tn =Y 4—p, Be- & € {no,..., T + 1} a F-stopping time with:
either t, > s or ¢ =T + 1. Then:

2 2
PlSy > 130, ¢ < T| < exp(— ;i )-




Non-stationary environments

- Average rewards may evolve over time: 6(t)
- Best decision at time t: k*(t)

- Goal: track the best decision

- Regret:

Mﬂ

Tk* Hk*(t) ) — Tkw(t)gkﬂ'(t) (t))

t=1
- Sub-linear regret cannot be achieved (Garivier-Moulines 2011)
- Assumptions: 6(t) o-Lipschitz, and

lim sup Z Y L) rp b () za < G(K)A

T—oo 1" 1= 1 k,k'€N (k)



OAS with Sliding Window

- SW-OAS (applies OAS over a sliding window of size 1)
- Graphical unimodality holds at any time
- Parameters:

r=0"3*log(1/0)/8, A =c'*log(1/0)

Theorem: Under m =SW-0AS
R™(T)

lim sup < CH(K)oilog(l/o)(1+ Ko(l)), o— 0T

T



OAS with Sliding Window

- Analysis made complicated by the smoothness of the rewards
vs. time (previous analysis by Garivier-Moulines assumes
separation of rewards at any time)

- Sub-logarithmic terms are essential in the regret analysis
- Upper bound on regret per time unit:

- Tends to zero when the evolution of average rewards gets smoother

oct/*log(1/0) =0, aso— 0T

- Does not depend on the size of the decision space if qb(K) <C



3. Rate adaptation in 802.11

with R. Combes, D. Yun, J. Ok, Y.Yi



Rate adaptation in 802.11

Adapting the modulation/coding scheme to the radio environment

- 802.11 a/b/g

|

o ®

E

Yes/No

rates rn Tr2 ... TN

Success probabilites 61 62 ... 0Oxn
Throughputs 1 2 ... UN L; = 1;0;
- Structure: unimodality + 61 > 05 > ... > Oy
G

@— @ L L @ S @ —@
6 9 12 18 24 36 48 54 (Mbit/s)



Rate adaptation in 802.11

- 802.11 n/ac MIMO

Rate + MIMO mode \ .
(32 combinations in n) . D/y

- Example: two modes, single-stream (SS) or double-stream (DS)

Dx-e))

Xxoe) )

27 54 31 108 162 216 243 270

o o PN °o DS

® @ O

o o SS
13.5 27 40.5 54 81 108 121.5 135



State-of-the-art

- ARF (Auto Rate Fallback): after n successive successes, probe a
higher rate; after two consecutive failures reduce the rate

- AARF: vary n dynamically depending on the speed at which the
radio environment evolves

- SampleRate: based on achieved throughputs over a sliding
window, explore a new rate every 10 packets

- Measurement based approaches: Map SNR to packet error rate
(does not work — OFDM): RBAR, OAR, CHARM, ...

- 802.11n MIMO: MiRA, RAMAS, ...

All existing algorithms are heuristics.

Rate adaptation design: a graphically unimodal bandit with large
strategy set



Optimal Rate Sampling

Algorithm — Optimal Rate Sampling (ORS)

For n=1,..., K, select action k(n) =n
For n > K + 1, select action k(n):
L(n) if (I () — 1)/(y + 1) €N,
k(n) =94 arg max bi(n) otherwise.
kEN(L(n))

ORS is asymptotically optimal (minimizes regret)
Its performance does not depend on the number of possible
rates!

For non-stationary environments: SW-ORS (ORS with sliding
window)



302.11g — stationary environment

GRADUAL (success prob. smoothly decreases with rate)
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302.11g — stationary environment

STEEP (success prob. is either close to 1 or to 0)
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302.11g — non-stationary environment
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302.11g — non-stationary environment
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Extensions

- The approach can be extended to other structured
bandit problems
- Liptschitz bandits
- Linear bandits
- Convex bandits

- Continuous set of action

- Unimodal: A stochastic golden search algorithm (see arxiv.org)



Thanks!

Papers
Combes-Proutiere, ICML 2014

Magureanu-Combes-Proutiere, COLT 2014



